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Abstract
There is a quasi-developable 2-manifold with a Gδ-diagonal, which is not developable. Consis-
tently, the example can be made to be countably metacompact. Ó 2001 Elsevier Science B.V. All
rights reserved.
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1. Introduction
In this brief note we present an example of a quasi-developable manifold, with a
Gδ-diagonal, which is not perfect, and hence not developable; and a consistent example
of a quasi-developable, countably metacompact manifold, which has a Gδ-diagonal but is
not perfect. These examples answer two questions of Nyikos (Questions 10 and 11 of [3]),
and the reader is referred there for the background to Nyikos’ problem.
Recall that a space is an n-manifold if it is Hausdorff, connected and has an open
cover by subspaces homeomorphic to Rn. A space, X, is quasi-developable (respectively,
developable) if there is a sequence {Gn}n∈N of open families (respectively, open covers)
such that, for all x in X, {st(x,Gn)}n∈N \ {∅} is a local base at x . One can easily check that
a space is developable if and only if it is quasi-developable and perfect (every closed subset
is aGδ). A space is countably metacompact if every countable open cover has a point-finite
open refinement. Perfect spaces are countably metacompact. Finally, recall that a space,X,
has a Gδ-diagonal if and only if there is a sequence {Gn}n∈N of open covers so that, for
all x in X,
⋂
n∈N st(x,Gn)= {x}.
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Perhaps the most striking feature of our examples is that they are highly geometric (in
contrast to most pathological manifolds), with the topology defined ‘all in one go’. This
simplifies the task of calculating stars of points in open families.
Both examples are derived from locally compact, locally countable ‘sub-real’ (in other
words, obtained by refining the usual topology on the real line) spaces, which have
the desired topological properties. The first such sub-real space is due to Gruenhage
(Example 2.17 [2]). But the second sub-real space (which, consistently, is locally compact,
quasi-developable, countably metacompact, submetrizable, but not perfect) is new.
In the first part of this paper we give the constructions of the manifolds from the sub-real
spaces. The second part is devoted to the creation of the second sub-real space. The space
is based upon an example of Balogh and Burke [1], which has the requisite properties,
except for the fact that it is not sub-real. It seems likely that an example of Shelah [5] can
be modified to give a consistent example with stronger properties: it is sub-real, locally
compact, quasi-developable, normal, countably paracompact, but not perfect.
2. The manifolds
Lemma 1. Let B be an countable subset of R, with uncountable closure. All but countably
many points, x , of B are in both B ∩ (−∞, x) and B ∩ (x,∞).
Example 2. There is a quasi-developable manifold M with a Gδ-diagonal which is not
perfect.
Construction. Let B be a Bernstein subset of R (so every uncountable closed subset of
R hits both B and R \ B). Let {Bα}α<2ℵ0 list all countable subsets of B with uncountable
closure in R. Inductively pick xα, {lα,n}n∈N and {rα,n}n∈N, so that xα ∈ Bα \ (B ∪
{xβ}β<α), lα,m < lα,n < xα if m< n, lα,n, rα,n ∈ B, xα < rα,n < rα,m if m< n, and both
|xα− lα,n| and |xα − rα,n| are strictly less than 1/n2. Thus, (lα,n)n∈N converges to xα from
below, and (rα,n)n∈N converges to xα from above. Set D = {xα}α<2ℵ0 .
Our manifold, M , is obtained by varying the topology on the Moore manifold. (The
Moore manifold and its cousin the Prüfer manifold may be found in [3].) So we start
with a description of the Moore manifold. The underlying set is P = H+ ∪ G where
H+ = R × (0,+∞) and G = R × (−1,0]. The topology on P is defined as following.
Points ofH+ have the usual Euclidean topology, so the nth neighbourhood of (x, y) ∈H+
can be taken to be U(x,y;n) = (disc about (x, y) of radius 1/n) ∩ H+. Define Gn =
{U(x,y;n): y > 0}. A point (x, a), where a ∈ (−1,0] has as its nth neighbourhood,
V (x, a;n)= (({x} × (a − 1/n, a + 1/n)) ∩G)∪ (set of points in H+ within the disc of
radius 1/n about (x,0) and between either the lines of slope 1/(a− 1/n) and 1/(a+ 1/n)
or the lines of slope 1/(−a − 1/n) and 1/(−a + 1/n)). Define
Hn =
{
V (x, a;n): a ∈ (−1,0]}.
The manifold M has underlying set H+ ∪ A1 ∪ A2, where A1 = B × (−1,0], and
A2 =D × (−1,0].
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Give H+ ∪ A1, the subspace topology from the Prüfer manifold. Then it is an open
submanifold. We need to define the topology at points of A2 such that
(1) M is Hausdorff;
(2) M is a manifold;
(3) M ∩ (R× {0}) is homeomorphic to Gruenhage’s space (Example 2.17 [2]);
(4) M is quasi-developable;
(5) M has a Gδ-diagonal.
We define the nth neighbourhood of the point (xα, a) ∈A2 to be
W(xα, a;n) =
(
V (xα, a;n)∩ ({xα} ×R)
)
∪
( ⋃
k>n+1
(
V (lα,k, a;n)∩
((
lα,k−1 + lα,k
2
,
lα,k + lα,k+1
2
]
×R
)))
∪
( ⋃
k>n+1
(
V (rα,k, a;n)∩
([
rα,k+1 + rα,k
2
,
rα,k + rα,k−1
2
]
×R
)))
.
Define
In =
{
W(xα, a;n): α < 2ℵ0 and a ∈ (−1,0]
}
.
By a standard argument, the W(xα, a;n)s are homeomorphic to R2. Thus M with the
topology defined above, is a 2-manifold. One can easily check that M is Hausdorff, and
that M ∩ (R×{0}) is homeomorphic to Gruenhage’s space. Hence M is not perfect. (Note
here that B is a closed, non-Gδ set.) It remains to show that M is quasi-developable and
has a Gδ-diagonal. To do this we examine the stars of points of M in the open collections
Gn, Hn and In.
Case: x ∈R and y > 0.
st
(
(x, y),G2n
)⊆U(x,y;n), st((x, y),Hn)= ∅ if n > 1/y,
st
(
(x, y),In
)= ∅ if n > 1/y.
Case: x ∈ B and a ∈ (−1,0].
st
(
(x, a),Gn
)= ∅, st((x, a),H2n)⊆ V (x, a;n),
st
(
(x, a),In
)⊆ [x − 1
n
, x + 1
n
]× ((0, 1
n
)∪ (a − 1
n
, a + 1
n
))
.
Case: α < 2ℵ0 and a ∈ (−1,0].
st
(
(xα, a),Gn
)= ∅, st((x, y),Hn)= ∅, st((x, y),I2n)⊆W(xα, a;n).
It follows that {Gn}n∈N ∪ {Hn}n∈N ∪ {In}n∈N, is a quasi-development for M .
Define Jn = Gn ∪Hn ∪ In (n ∈ N). Computing stars of points in the open covers Jn
(for the three cases as above), we have for n sufficiently large,
st
(
(x, y),Jn
)⊆U(x,y;n), st((xα, a),J2n)⊆W(xα, a;n),
st
(
(x, a),J2n
)⊆ V (x, a;n)∪ [x − 1
n
, x + 1
n
]× ((0, 1
n
)∪ (a − 1
n
, a + 1
n
))
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and hence⋂
n∈N
st
(
(p, q),Jn
)= {(p, q)} for all (p, q) ∈M.
In other words, {Jn}n∈N is a Gδ sequence for M.
It is consistently possible to boost the previous example to make it countably
metacompact. Recall, X is called a countably metacompact space if and only if, for each
countable open cover U of X, there is a point-finite open refinement cover of U .
Equivalently, a space X is countably metacompact if and only if given an increasing
sequence {Un}n∈N of open subsets of X such that X =⋃n∈NUn, then there is a sequence
{Fn}n∈N of closed subsets of X such that, for each n ∈N, Fn ⊆Un and X =⋃n∈NFn.
Example 3. It is consistent that there is a quasi-developable manifold, which is countably
metacompact, has a Gδ-diagonal, yet is not perfect.
Construction. Let B and D be any pair of disjoint subsets of the real line. Suppose that
for each x in D there is a sequence (xn)n∈N of points of B converging (in the Euclidean
topology) to x . Let X(B,D) be the space obtained by isolating all points of B and letting
basic open neighborhoods of a point x of D be x along with tails of the corresponding
sequence (xn)n∈N.
It should be clear that, irrespective of the choice of B, D or the sequences, we may
repeat the construction of Example 2.2 to create a manifold M(B,D) which has the
following properties:
(1) M(B,D) has underlying set H+ ∪ G where H+ is the upper half plane and
G=X(B,D)× (−1,0];
(2) the open subspace H+ has its usual topology, while the closed subspace G has the
product topology;
(3) M(B,D) is quasi-developable, and has a Gδ-diagonal.
In particular we may take X(B,D) to be the example of the next section. Since
X(B,D)× {0} is a closed subspace of M(B,D), the manifoldM(B,D) is not perfect. To
see that M(B,D) is countably metacompact use properties (1) and (2) of M(B,D) above,
the fact that X(B,D) is countably metacompact, and Lemmas 2.4 and 2.5 immediately
below.
Lemma 4. Suppose that X is a regular topological space such that X = A ∪ B , A∩B ,
A ∩ B = ∅, A is open in X, separable and metrizable. If B is countably metacompact,
then so is X.
Proof. Let {Un}n∈N be an open increasing sequence of subsets of X such that ⋃n∈NUn =
X. For each n ∈ N, set UBn = Un ∩ B . Then UBn is open in B and B =
⋃
n∈NUBn . So,
there is an increasing sequence {Cn}n∈N of closed subsets of B , such that Cn ⊆ UBn and⋃
n∈NCn = B .
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Now, set UAn = Un ∩ A. Then UAn is open in A and A =
⋃
n∈NUAn . As A is second
countable and A is open in the regular space X, choose N a countable network for A of
sets closed in X. Observe that, for each n ∈ N, UAn is the union of members of N , say
UAn =
⋃
i∈NN(i,UAn ) (where N(i,UAn ) ∈N ).
Define N1 = N(1,UA1 ) and Nn+1 = N(n + 1,UA1 ) ∪ N(n,UA2 ) ∪ · · · ∪ N(1,UAn+1).
Then, for all n ∈ N, Nn ⊆ UAn , and A =
⋃
n∈NNn. Let Fn = Cn ∪ Nn. Then, for each
n ∈N, Fn ⊆Un, Fn is closed in X, and X =⋃n∈NFn. 2
Lemma 5. Let X be a space. Then X × (−1,0] is countably metacompact if and only if
X is countably metacompact.
Proof. Note that X× (−1,0] is an Fσ subset of X× [−1,0]. By a standard argument, an
Fσ subspace of a countably metacompact space is countably metacompact. So it suffices
to show X× [−1,0] is countably metacompact.
As [−1,0] is compact, the projection map p :X × [−1,0] → X is closed. So a
decreasing sequence {Fn}n∈N of closed sets with empty intersection, for which there is
no open sequence {Un}n∈N with Fn ⊆ Un and ⋂n∈NUn = ∅, can be transferred to X
(again, using compactness of [−1,0]). In other words, X is not countably metacompact
if X× [−1,0] is not countably metacompact. 2
3. A modification of the Balogh–Burke example
We build a sub-real, countably metacompact, non-perfect ladder system of the form
X(B,D) (as defined in the preceding section) by finite-support iterated ccc forcing.
Assume GCH in the ground model. Our argument closely follows that in [1], but it is
not necessary to refer to that paper to follow it.
3.1. The definition of a ladder system
〈L,pi〉 is a sub-real ladder system on ω1 if and only if
(1) L : LIM×ω→ ω;
(2) for all α ∈ LIM, 〈L(α,n): n ∈ ω〉 is a strictly increasing sequence converging to α;
(3) pi :ω1 × 2→R is one-to-one, and pi(L(α,n),0) converges to pi(α,1) as n→∞.
3.2. The poset
We define a finite support iteration 〈Lγ : γ 6 ω2〉, as follows. For each β, L(β) is a
Lβ -name for a poset, and an element of Lγ is a finite partial function p on γ such that for
all β ∈ domp, p  β  “p(β) ∈ L(β)”.
L(0) is a poset for creating a sub-real ladder system, as follows:
Members of L(0) are finite functions p with the following properties.
(1) domp ⊆ LIM× ω× {0} ∪ ω1 × 2× {1};
(2) p(α,n,0) < α, where defined;
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(3) if i < j , then p(α, i,0) < p(α, j,0), where these exist;
(4) if i < j and p(α, j,0) is defined, then so is p(α, i,0);
(5) p(α, i,1) is an open interval with rational endpoints;
(6) if p(α,n,0) and p(p(α,n,0),0,1) and p(α,1,1) are defined, then p(p(α,n,0),0,
1)∪ p(α,1,1) has diameter at most 2−n.
We define the order-relation on L(0) so that q 6 p iff
(1) domq ⊇ domp;
(2) if p(α, i,0) is defined, then q(α, i,0)= p(α, i,0);
(3) if p(α, i,1) is defined, then q(α, i,1)⊆ p(α, i,1).
Assuming for the moment that this preserves cardinals, in the generic extension, if G is
a generic filter, we define L(α,n) to be p(α,n,0) for some p ∈G, and for each α, i < 2,
we define pi(α, i) to be some x which is in p(α, i,1) for all p ∈ G. Then L and pi are
well-defined and uniquely defined. Moreover we obtain a sub-real ladder system.
For example, to see that L is a total function, let D(α,n) be the set of all q such that
q(α,n,0) is defined. Then we show that D(α,n) is dense by induction on n, because if
p is a condition for which p(α, i,0) is defined precisely when i < n, we can define q 6 p
in D(α,n) by choosing q(α,n,0) to be some ordinal β in the interval (p(α,n− 1,0), α)
such that p(β,0,1) is not defined.
Now to define L(β). By standard bookkeeping, let f˙β be a suitable chosen Lβ -name
for a function LIM→ ω. (We design the bookkeeping such that every name for a function
from LIM to ω eventually occurs in this list.) We imagine ourselves to have forced overLβ ,
and define a finite function g to belong to L(β) iff it satisfies the following conditions. The
idea is that f˙β codes up a decreasing family of closed sets in LIM×{1} in the ladder space,
and we are forcing to expand these closed sets to open sets.
g ∈ L(β) iff g is a finite partial function from ω1× 2 to ω, such that if k > g(α,1), then
g(L(α, k),0)> fβ(α)—assuming all these things are defined. (The idea is that the function
γ 7→ g(γ,0) tells us which points 〈L(α, k),0〉 in the ladder space belong to the open sets,
and if 〈α,1〉 is a limit point of the ladder space, then g(α,1) is telling us how much of the
sequence converging to 〈α,1〉 is in the open sets of which 〈α,1〉 itself is a member.)
In the generic extension, the ladder space will be countably metacompact, because if
〈Dn: n ∈ ω〉 is a decreasing sequence of closed sets with empty intersection, without loss
of generalityDn ⊆ ω1 × {1}; let f (α)=min{k: 〈α,1〉 /∈Dn}.
Suppose f = fβ . Then forcing over L(β) gives us a function gβ :ω1× 2→ ω, such that
if k > gβ(α,1), then gβ(L(α, k),0)> fβ(α); now define Un = Dn ∪ {〈γ,0〉: gβ(γ,0) >
n}.
Then Un is open, for if 〈α,1〉 ∈ Un, then fβ(α) > n, and so if k > gβ(α,1), then
gβ(L(α, k),0) > n, so 〈L(α, k),0〉 ∈ Un. And of course the sequence 〈Un: n ∈ ω〉 has
empty intersection.
3.3. The countable chain condition
To prove that L(0) has the countable chain condition, suppose that A is an uncountable
subset of L(0); we show that two of its elements are compatible.
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Without loss of generality, we may suppose that there are integers m 6 n such that for
each p ∈A, there is a sequence of ordinals 〈αp,i : i < n〉 such that
(1) p(α, k, e) is defined only if α = αp,i for some i;
(2) if p 6= q , then αp,i = αq,j iff i = j <m;
(3) for all p and q in A,p(αp,i , k, e) is defined iff q(αp,i, k, e) is, and the two are
equal.
We now show that any two elements of A are compatible, by showing that if p, q ∈A,
then p ∪ q ∈ L(0).
The only condition that is non-trivial is condition (6). But, if (p ∪ q)(α, k,0), (p ∪
q)((p ∪ q)(α, k,0),0,1) and (p ∪ q)(α,1,1) are all defined, then by the uniformity that
we have imposed on A, all these three are inherited from one of p and q : without loss of
generality, (p∪q)(α, k,0)= (α, k,0), (p∪q)((p∪q)(α, k,0),0,1)= p(p(α, k,0),0,1),
and (p ∪ q)(α,1,1)= p(α,1,1). Then the required condition is inherited from p.
It is easy to see that L(β) has the countable chain condition, if β > 0.
3.4. Limits of stationary sets
We prove that, in the forcing extension over Lω2 , if S ⊆ ω1 is stationary, then the set
S× {0} has a limit in S× {1} in the ladder system space. This is the same lemma as in [4],
is proved in the same way, and just as in that paper, shows that the ladder system space is
not perfect.
We first prove that if S is a stationary set in the generic extension and m is a natural
number, then there exists j >m and α ∈ S such that L(α, j) ∈ S also.
So, working from the ground model, suppose that S˙ is a name for a stationary set in ω1.
Suppose that p is a condition, and that M is a countable elementary submodel of the
universe containing p, S˙, Lω2 such that, if δ =M ∩ ω1, then p 1 “¬δ ∈ S˙”. Let m be an
integer.
It is possible to choose such a model M, for if not, the set of δ corresponding to such
elementary submodels M contains a closed unbounded set C, thus p  “S˙ ∩C = ∅”. But
in the generic extension, C is still club, so S˙ is forced to be non-stationary, which is a
contradiction.
So now find pδ 6 p such that pδ  “δ ∈ S˙”. Without loss of generality, for all β, pδ  β
decides the value of pδ(β) as an element of L(β).
In general pδ is not an element of M. Let Aδ be a finite set of countable ordinals
containing all ordinals or natural numbers in the transitive closure of pδ , together with
some ordinal ξ < δ which is greater than pδ(δ, n,0), whenever pδ(δ, n,0) is defined.
Recalling that the forcing is an iterated forcing with finite supports, we reflect it into M,
subject to the following ad hoc first order property Φ(x,y, z) (that is, observing that
Φ(pδ, δ,Aδ) is true, find an element 〈pγ , γ,Aγ 〉 of M having this property, which can
then be said to be a “reflection” of 〈pδ, δ,Aδ〉):
(1) x is a condition, and x  “y ∈ S˙”.
(2) x 6 pδ M (which belongs to M, since the forcing has finite supports and so pδ is
finistically describable).
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(3) y is a limit ordinal.
(4) ξ (which, note, belongs to M ∩ ω1) has the property that if x(y,n,0) is defined,
then it is less than ξ, ξ ∈ z.
(5) z 3 y is a finite set of ordinals of cardinality |Aδ| (which belongs to M) containing
Aδ ∩M in the positions in the order on Aδ in which they occur. Every ordinal
mentioned in x occurs in this set.
(6) (The complete description of pδ in terms of Aδ , which may be done in a first-order
way.)
Now since there really exists 〈x, y, z〉 such that Φ(x,y, z), we may find a triple
〈pγ , γ,Aγ 〉 ∈M such that Φ(pγ , γ,Aγ ) holds.
So, let us suppose that we have found pγ , γ,Aγ ∈M such that Φ(pγ , γ,Aγ ) holds.
We show that pγ and pδ are compatible by constructing a common lower bound for
them.
Define q as a finite partial function on ω2 so that q(β)= pγ (β) ∪ pδ(β). To show that
q is a forcing condition, it is only necessary to observe, using a standard combinatorial
argument, that if β is in the supports of both pγ and pδ , then q(β) is a member
of L(β).
Now we define another condition r from q . If β > 0, then we define r(β) to be q(β).
We define r(0) so that r(0) ⊇ q(0); specifically, we obtain r(0) from q(0) by defining
r(0)(δ, k,0) for certain k, as follows.
Let n be maximal such that q(0)(δ, n,0) is defined. Now ξ < δ, and δ is a limit ordinal.
So we may extend q(0) so that r(0)(δ, k,0) is defined for all k 6 j , for some j > n, m,
and r(0)(δ, k, j)= γ .
Then r forces that γ, δ ∈ S, and γ = L(δ, j), for some j >m, as required.
We now deduce that if S is a stationary set, then S× {0} has a limit in the ladder system
space in S × {1}.
For, suppose S × {0} has no limit in S × {1}. Then for all α ∈ S, there exists mα such
that for all k > mα, L(α, k) /∈ S. Then there exists m and S′ ⊆ S stationary such that for
all α ∈ S′, mα =m.
But then for all α ∈ S′, for all j >m, L(α, j) /∈ S′. But we can now apply the previous
result to S′ to derive a contradiction.
Now we require to observe that the ladder system space is not perfect.
Suppose that ω1 × {1} is the intersection of a decreasing family 〈Un: n ∈ ω〉 of
open sets. Then, for some n, Sn = {α: 〈α,0〉 /∈ Un} is stationary. Now Sn × {0}, the
complement of Un, has a limit point 〈α,1〉 in Sn × {1}. Then 〈α,1〉 /∈ Un, which is a
contradiction.
3.5. Another example
The authors believe that it is possible to modify an example of Shelah [5], so as to
construct a model of set theory satisfying the Continuum Hypothesis, in which there is a
sub-real, normal, countably paracompact, quasi-developable space which is not perfect.
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